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ABSTRACT

The use of high-fidelity computational fluid dynamics (CFD) tools in turbomachinery design has seen a
continuous increase as a result of computational power growth and numerical methods improvement.
These tools are often used in optimization environments, where gradient-based optimization algorithms
are the most common due to their efficiency. In cases where the optimization contains a large number
of design variables, the adjoint approach for calculating the gradients is beneficial, as it provides a way
of obtaining function sensitivities with a computational cost that is nearly independent of the number
of design variables. The interaction between adjacent blade rows is of utmost importance for the per-
formance of multistage turbomachines. The most commonly used method to address these effects (i.e.
coupling in the simulation of multiple rows) is the mixing-plane treatment, that has become a standard
industrial tool in the design environment. In this paper, the formulation and implementation of an ad-
joint solver for multistage turbomachinery applications are presented, namely the adjoint counterpart of
the mixing-plane formulation used in the direct solver. The solver is developed using the discrete ADjoint
approach, where the partial derivatives required for the assembly of the adjoint system of equations are
obtained using automatic differentiation tools. The sensitivity of several performance metrics relative to
neighbor blade/hub row geometry and boundary conditions are shown to highlight the physical coupling
in multi-row turbomachines. The verification of the adjoint multistage solver against the finite-difference

approach is performed successfully with relative differences below 1 %.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

With the growth in computational power, external and internal
flow simulations using high-fidelity computational fluid dynamics
(CFD) models have become a routine in industry, with the emerg-
ing trend being to use optimization techniques as part of the de-
sign process.

However, given the nature of the flow models, a numerical
simulation may take hours or even days to evaluate the desired
performance metric functions, meaning that an optimization case,
which may require hundreds of function evaluations to find an op-
timum, may lead to a prohibitive time requirement. For this rea-
son, the most desired optimization methods are the gradient based
(GB) because of their efficiency. The GB methods, however, require
the calculation of the derivatives, which, if using methods such as
finite-differences, also lead to prohibitive computational and time
requirements, in the case of a large number of design variables.
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This problem is overcome by the adjoint method, which produces
exact derivatives with a cost that is nearly independent of the
number of design variables.

The adjoint method was first introduced to computational fluid
dynamics by Pironneau [1] and further extended by Jameson [2] to
optimization of airfoil profiles [2] and wings [3]. Since then, it has
been used in solving multi-point aerodynamic shape [4]| and aero-
structural [5] optimization problems, magneto-hydrodynamic flow
control [6] and turbine blades [7]. Other developments on the ap-
plication of the adjoint approach to gradient-based optimization
in turbomachinery environments have also been made. However,
most of these cases cannot account for the interaction between
different blade rows, which has a significant impact on the perfor-
mance of the whole multistage turbomachine [8]. Its incorporation
in the optimization environment provides a more realistic insight
of the direction to which the overall design should evolve. Simi-
larly to what is already an industrial standard in turbomachinery
analysis, the multistage coupling adjoint sensitivity should also be-
come a standard in multistage turbomachinery design.

The adjoint solver can be obtained either by linearizing the un-
derlying flow governing equations followed by their discretization
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- continuous approach or by the linearization of the already dis-
cretized equations - discrete approach. The latter can also be im-
plemented with different approaches, either by linearizing the dis-
crete equations manually [9] or making use of Automatic Differen-
tiation (AD) to obtain the linearization of the computation routine
[10].

Previous works in implementing adjoint solvers with multistage
capabilities were done by Frey et al. [11] using finite-difference
approximation to set-up the discrete adjoint system of equations,
Wang and Li [12,13] following the continuous approach, Walther
and Nadarajah [9] which implemented an adjoint solver using
the manual discrete approach and Backhaus et al. [14] using an
operator-overloading AD tool to implement the adjoint solver.

This paper describes the adjoint formulation, development and
implementation of a mixing-plane boundary interface. It follows
the previous work of Marta and Shankaran [15] on the implemen-
tation of the discrete adjoint counterpart of a proprietary turbo-
machinery CFD solver, by using a source transformation AD tool
on the direct routines. The improved adjoint solver is used to
obtain sensitivity analysis of various functions of interest, such
as pressure ratio, efficiency and mass flow, to both the hub and
blade shapes and to the inlet and exit boundary conditions of a
stator-rotor turbomachinery state. The sensitivities are compared
to finite-difference approximations to verify the correct implemen-
tation of the mixing-plane boundary conditions.

2. Background

In a turbomachinery design environment, various parameters
can be used to define its geometry and operating conditions, such
as blade stagger, camber angle and thickness distributions and ax-
ial and radial stacking. All these input parameters will influence
one or more performance characteristics that are to be studied
(and improved), such as efficiency, pressure ratio or mass flow.
This can constitute an optimization problem, where the adjustable
parameters are the design variables and the performance charac-
teristics are the functions of interest, either the cost function or
some constraints. The generic CFD design problem can be formu-
lated as

MinimizeF (e, q(ct))

w.r.toe
subject to R (e, q(a)) =0
Ce.q(a)) =0, (1)

where F is the cost function, « is the vector of design variables, q
is the flow solution and C represents additional constraints that
may or may not involve the flow solution. The flow governing
equations are expressed in the form R =0 and appear as a con-
straint, as the solution q must always obey the flow physics.

2.1. Flow governing equations

The present work uses the Reynolds-Averaged Navier-Stokes
equations (RANS) for describing the flow. The Navier-Stokes equa-
tions, in conservation form, can be written as

aq  Of; 8fvi_
E—F 8Xi a Bx,» _Q’ (2)

where ¢, f; and f, are the vectors of state variables, inviscid, and
viscous fluxes, respectively, define as

Fig. 1. Stator-rotor stage in study and computational domain using a single blade
per row.
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where p is the flow density, u; is the mean velocity in direction
i, E is the total energy, 7; is the viscous stress and g; is the heat
flux. The source term Q represents all potential body forces, such
Coriolis force and centrifugal force. To model the Reynolds stresses,
Wilcox’s two-equation k — w turbulence model [16] is used, result-
ing in a system with 7 equations.

The RANS equations can be expressed in their semi-discrete
form as
dq;

dt

where R is the residual of the inviscid, viscous, turbulent fluxes,
boundary conditions and artificial dissipation. The triad (i, j, k) rep-
resents the three computational directions. Since this work deals
with the steady solutions of the RANS equations, the unsteady
term is dropped out for the remaining of the paper.

+Rij(q) =0, (4)

2.2. Multistage mixing plane

The mixing-plane method was first introduced by Denton and
Singh [17] and has since become the industry standard for multi-
row simulations. It is used with steady state simulations and re-
quires only a single blade per row, as illustrated in Fig. 1 for a
stator-rotor stage. The description is made for the case of an ax-
ial turbomachine but it can be easily extended to radial and mixed
configurations.

Between each of the blade passages, the flow properties are
circumferentially averaged in the so-called mixing-plane interface.
Holmes [18] describes a mixing plane algorithm that achieves sev-
eral key goals, including complete flux conservation at the in-
terface, robustness, indifference to local flow direction and non-
reflectivity. It consists in using a control-theory based flux balance
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Fig. 2. Schematic representation of the multistage mixing-plane interface steps.

algorithm to drive the differences between the fluxes in the two
faces to zero, by updating the conserved variables in the ghost cells
with a value based on the flux differences. To assure maximum
non-reflectivity in the interface, the method uses the two dimen-
sional approach of Giles [19]. The overall mixing-plane algorithm
(schematically represented in Fig. 2) can be condensed in the fol-
lowing five steps:

1. Compute the fluxes from conserved quantities q at the mixing-
plane face and create a local profile by averaging them at each
spanwise position,

Piocal j :f(qj)l (5)

2. Communicate the local radial profiles py,., of averaged quan-
tities as donor profiles py,, between blade rows,

Piocal =~ Pdon» (6)

3. Interpolate the received p... profiles to match local cell distri-
bution,

Prec = f(Pdon» Procal) (7)

4. Compute differences in fluxes and state variables p;,. between
the interpolated and local profiles,

Pec = f(Precs Procal) ; (8)

5. Compute the variation in the conserved variables q* to be ap-
plied to the auxiliary cells, from the flux differences and update
them,

qrocal = f(p;‘ecv qlocal) . (9)

For simplicity, Fig. 2 only represents the transfer of information
from one row to another, but this algorithm occurs in both direc-
tions for each interface.

2.3. Adjoint equations

Following the work by Giles and Pierce [20] in derivation of
the adjoint equations for systems of partial differential equations
(PDEs), the adjoint for the flow governing equations in Eq. (4) can
be expressed as

T T
JR dF

|:8q:| 'ﬁ: |:qu| ’ (10)

where ¥ is the adjoint vector. The adjoint solution can be used in

the calculation of the total gradient of the function of interest with
respect to a set of variables of interest «, given by

dr 9F 7 OR
de ~ da 7 B’
The choice of variables in the previous equations is only limited
to being able to describe the objective function F and residual
R in terms of those variables. It should be noted that the general
constrained problem Eq. (1) requires one additional adjoint system

(11)

for each constraint C to compute the derivatives dC/da required
by the GB optimizer.

As stated, the implementation of the adjoint equations for a
given system of PDE’s can be achieved in two ways, the continu-
ous and the discrete adjoint approach. These two approaches result
in different systems of linear equations that, in theory, converge
to the same result with mesh refinement. However, the discrete
approach brings some advantages, such as being applicable to any
set of governing equations, treat arbitrary functions of interest and
provide sensitivities consistent with those produced by the dis-
cretized solver. It is also easier to obtain the appropriate boundary
conditions for the adjoint solver with the discrete approach, which
is paramount for the purpose of this work.

2.4. Automatic differentiation

Automatic differentiation - also known as algorithmic or com-
putational differentiation — applies the chain rule to computer pro-
grams to obtain derivatives of their outputs based on their inputs
[21].

Any computational algorithm consists in a sequence of opera-
tions that can be expressed in the form

tiZﬁ(tl,tz,...,fi,]) i:n+1,n+2,...,m, (12)
where each function f; can be either a unary or binary operation,
t1,t, ..., tn are the independent variables and tp 1, th2. ..., tm

are the dependent variables. By applying the chain rule, the deriva-
tive of ¢; in respect of ¢; is given by

o Lafion .
atj_,;atkat,- j=1.2,....n. (13)

AD can work in two ways, the forward mode and the reverse
mode. In the first j is kept fixed and i is advanced until achieving
the desired derivative. The latter works by fixing i, and decreasing j
down to the independent variables. The differentiation of the code
can be achieved either by operator overloading or source code trans-
formation. Depending on the programming language and structure
of the code, the use of one might bring more advantages than
the other. While AD is as accurate and much easier to implement
than an analytic method, the run time of the differentiated version
of the algorithm in forward mode takes approximately two times
longer to run than the real-valued version, taking even longer in
backward mode. Another limitation of this method is that more
complex codes may be difficult, or even impossible to differentiate
in one go, due to the limitations of the AD tool.

2.5. ADjoint method

This hybrid approach consists in computing the total deriva-
tive with the adjoint method but having the partial derivatives of
Egs. (10) and (11), OR/0q, 0F/dq, 0F/da and OR/de, evaluated
with automatically differentiated routines. To do so, the residual
calculation is rearranged (if needed) into a routine that has as in-
puts the information of the stencil of influence and outputs the
residual [10]. This routine is then differentiated using an AD tool,
thus producing the necessary terms for the calculation of the ad-
joint solution.

2.6. Adjoint multistage interface

Assuming a simulation of a series of n blade rows, each blade
will influence and be influenced by its neighbors. If no multi-
stage interface were used, a system of equations Eq. (10) would be
solved for each row independently. However, to consider the influ-
ence of the rows on each other the coupled systems of equations
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must be solved,

Gl vy (%
TR T (14)
(][] | We) L

99, aq,
The term 9R;/dq; represents the influence of row j in the residual
of row i. Each row only influences its neighbors, therefore

[ 9R; ‘ .

— =0, i-1>j>i+1. (15)
_3‘11}

The chain rule can be applied in the computation of the cou-
pling non-zero off-diagonal terms to distinguish the single-row
term (‘)Rrec/quocal from a term that represents the influence of
the state solution of the adjacent domain, q4,, on the updated
state solution g, ;. thus obtaining
ORvec _ aIErEC dqrocal. (16)
aqdon aqlocal dqdon
Recalling the mixing-plane algorithm description, the subscript
“rec” and “don” indicate, from the point of view of a single row,
if the term belongs to the same row or the adjacent row, respec-
tively.

Recalling the multistage interface described in Section 2.2, the
updated state solution can be represented as a function of the var-
ious terms computed during the mixing-plane step,

Giocal = f (p:fec (pdon (Gdon)- Procal (qlocal)) ’ qlocal) : (17)

An expression for the multistage coupling term can be obtained by
differentiating each of the terms identified above and applying the
chain rule, thus obtaining

dqrocal _ 8qﬁ)cal ap;ﬁec 8pdon

_ %o _ (18)
dqdon 8prec 8pdon 8qdon
The previous expression regards only the dependence on the cells
across the multistage interface. However, there is also a new de-
pendency on the cells of the local face due to the multistage

boundary condition

ORec _ ORrec dqrocal (19)
8qlocal aqfocal dqlocal '
where the coupling term is obtained from

dqfocal — 8‘ﬁocal ap?ec aplocal 8qi‘ocal . (20)
dqlocal 8p;kec 8plocal 8qlocal 8qlocal

The first term of the RHS of Eq. (20) increases the stencil of the
residual calculation to cover at least a whole row of cells in the
radial position of each cell of the single stage stencil that belongs
to the multistage interface. The second term comes from the non-
reflectivity boundary conditions and also increases the stencil of
influence to cover a certain number of radial rows of the mixing-
plane face.

To obtain the total derivative given by Eq. (11) it is also nec-
essary to compute dR/da with the coupling taken into account.
The present work assumes inlet and outlet boundary conditions U
and computational grid coordinates X as possible design variables
o, representing operating conditions and blade/hub shape, respec-
tively. For the case of boundary conditions U, nothing has to be
done regarding the mixing-plane interface, since the inlet and out-
let surfaces are either the first inlet or last outlet of the coupled
domains.

There is, however, a dependence of the updated state on the
grid coordinates X of the adjacent domain. Therefore, it is neces-
sary to take the multistage coupling into account in its computa-
tion, if the grid coordinates are chosen as the design variables. In

this case, the term dR/0X is given by

8Rrec _ 8Rrec dql*oc;ﬂ
axdon aqrocal dXdon .
where the term dq;, ., /dXq,, reflects the dependency of the local

state solution on the computational grid coordinates of the donor
cells.

(21)

3. Implementation

Some details of the implementation of the coupling multistage
interface previously described are presented next.

3.1. Flow solver

The legacy flow solver TACOMA, is capable of solving the steady
or unsteady RANS using a finite-volume formulation [22]. It sup-
ports three-dimensional, multi-block and structured grids. Avail-
able turbulence models include the k — @, k—e€ and SST, having
the option to use wall functions or wall integration for the bound-
ary layer resolution. The solver is able to run in multiple processes
via Message Passing Interface (MPI).

3.2. Adjoint solver

The discrete adjoint solver was previously implemented by us-
ing the ADjoint hybrid approach [10]. The AD tool chosen in the
mentioned work, as well as in the present work, was Tapenade
[23], as it supports Fortran 90, which is the programming lan-
guage used in the flow solver implementation. The built-in Krylov
subspace method of the Portable, Extensible Toolkit for Scien-
tific Computation (PETSc) [24] is used to solve the adjoint system
in Eq. (10), more specifically, the generalized minimum residual
method (GMRES) with the incomplete factorization preconditioner
with one level fill, ILU(1), are used. The turbulence equations were
fully handled in the discrete adjoint formulation, despite having
the option to run the adjoint solver with frozen turbulence [25].

Following the same ADjoint approach used to develop the ad-
joint solver, the adjoint mixing-plane interface is implemented
by differentiating the rewritten subroutines responsible to com-
pute the quantities described in Section 2.6 to obtain the terms
dgf.,;/dquon and dqj /dqioca-

The original main routine ms_exchange responsible for the
mixing-plane interface, as schematically detailed in Fig. 3, could
not be differentiated due to its complexity, namely dependency on
data from Fortran modules that could not be used as explicit de-
pendent variables for differentiation, use of MPI communications
and use of dynamically allocated data structures that could not be
differentiated. Instead, it was divided into rewritten subroutines
represented by the previously described individual steps, as de-
tailed in Fig. 4, and each of those subroutines (in green) was then
differentiated using Tapenade. The general rule was to remove MPI
communications from routines to be differentiated while trying to
the data flow as close to the original as possible and rewrite the
various subroutines to take de dependent and independent vari-
ables as explicit arguments. The MPI communications were then
manually added in the merge of the rewritten subroutines into the
main routine adj_ms_exchange.

Subroutine adj_ms_preprocess creates all the required
data structures to be used in the computation of the profiles
and boundary condition updates; adj_ms_comp_prof_1,
adj_ms_accumulate and adj_ms_comp_prof_2 result
from splitting ms_compute_profile into the local accumula-
tion on each process (producing stAdjLocal), accumulation
to the profile owner (producing stAdjGlobal) and nor-
malization of the profiles (producing prAdj_loc, or pjgcal),
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q_local ~-» ms_compute_profile —»/ ms_pr

mpi_pack /4 ----- ms_write_profile (—1

mpi_unpac%-)

ms_read_profile ~—/ ms_pr_don
compute_aux_deltas |
"OWNER ONLY" l

ms_broadcast_profile

I

ms_update_bc

g_local ~->» --» q_local*

---% Access via module || Contains MPI

---------- » MPI communication Subroutine argument

—> Access via argument Module data

Fig. 3. Schematic of the original mixing-plane interface routine ms_exchange in
flow solver.
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v

—» adj_ms_comp_prof_1 —»/ stAdjLocal |
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> adj_ms_accumulate —» stAdeIobaIl

v
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'

mpi_pack /4 adj_ms_write_profile
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= adj_ms_aux_deltas
=
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—» adj_ms_broadcast —»/ prAdj_rec*

v

gAdj_loc ~» adj_ms_update_bc —»

qAdj

Fig. 4. Schematic of the re-written interface  routine

adj_ms_exchange.

mixing-plane

gAdj_loc

gAdj_locB
prAdj_rec* adj_ms_update_bc_B

prAdj_rec*B
gAdjOutB
prAdi_rec” _i—) adj_ms_aux_deltas_B prAd]_locB
prAdj_loc Ai—} adj_ms_interp_B prAdj_donB
prAdj_don J

Fig. 5. Partial schematic of the manually assembled subroutine

adj_ms_exchange_b.

respectively. The interpolation of the profile received from
the neighbor, originally performed in the ms_read_profile
was removed to the routine adj_ms_interp and merged
with the subroutine adj_ms_aux_deltas into a subrou-
tine than computes all the required deltas between the local
and received profiles (prAdj_loc and prAdj_don), pro-
ducing prAdj_rec* (or pgéc* Recalling the mixing-plane
algorithm steps mentioned in Section 2, step 1 is per-
formed by adj_ms_comp_prof_1, adj_ms_accumulate
and adj_ms_comp_prof_2, step 2 is performed by
adj_ms_write_profile and adj_ms_read_profile,
step 3 and 4 by adj_ms_interp and adj_ms_aux_deltas,
respectively, and step 5 by adj_ms_update_bc.

The data structure stAdj contains the radial local accumula-
tion of the quantities needed to create the profile and prAdj is
the modified structure containing the profile. This modified struc-
ture was implemented due to Tapenade not being able to differ-
entiate structures containing Fortran’s allocatable arrays. With
the modified structures, instead of having one structure element
with various arrays, priarrayl(:), ., prarrayN(:),
we have an array of structures containing fixed size elements,
prAdj(:)%valuel, ., prAdj(:)%valueN).

This rewritten routine adj_ms_exchange is only required for
the differentiation procedure and does not replace the original
subroutine in the direct solver. An extensive verification was per-
formed to ensure it delivered the same results as the original.

The final assembly of the differentiated main routine
adj_ms_exchange_b was performed manually, once again
following the chain rule of differentiation and by using the
derivative obtained from one subroutine as seed for the next
differentiated subroutine call, as partially represented in Fig. 5.
The MPI communications were dealt similarly to the routine
adj_ms_exchange. This routine adj_ms_exchange_b takes
as inputs the state at the mixing-plane surface gAdj, and the seed
qAdjB, both N; x Nj x Ny sized arrays, where i and j represent the
two dimensions of the face and N, the number of state variables,
which selects the cell(s) to which the sensitivity to the adjacent
row face cells is to be computed. Its output is the sensitivity to
the neighbor face quantities. It is worth mentioning that further
enhancements/modifications to the original code would have
to be manually propagated to the rewritten code, which would
then be differentiated and propagated to the adjoint solver. For
modifications that do not introduce large changes to the structure
of the code, this is a rather straightforward process.
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Fig. 6. Computational mesh used in the present work.

With the differentiated mixing-plane subroutine producing the
mixing-plane coupling terms dqj ..,/dqqon and dqj .,/dqocal;
their integration with the single stage solver is performed in an
additional step of the assembly of the Jacobian dR/dq in Eq. (10).
In this additional step, the sensitivity of the state variable of each
cell whose dependency stencil contains any cell in a shared bound-
ary is used as seed to the differentiated mixing-plane routine, ac-
cording to the chain rule of differentiation in Eq. (16). The resulting
partial derivatives are then inserted into the respective row of the
Jacobian matrix.

4. Results

This section presents various results of the analysis of a multi-
row stator-rotor stage of a low pressure turbine and their compar-
ison against finite-difference approximations to verify the correct
implementation of the adjoint multistage interface.

4.1. Description of the test case

The test case consists in a stator-rotor stage of a low pressure
turbine. Both the stator and rotor are modeled with a single blade
passage, using periodic boundary conditions. Each domain is dis-
cretized with an OH-grid topology, with a total of 90,750 cells
amongst the two domains. The computational mesh used in the
present work is presented in Fig. 6.

Absolute total enthalpy hié and pressure pillet, tangential
velocity vi"e and flow angle ¢™€ are imposed at the inlet of
the stator, with extrapolation of the pressure to the interior. Static
pressure p® s held fixed at the exit of the rotor. Between
the two domains, the boundary conditions are updated with the
mixing-plane algorithm with exchange of boundary fluxes. The in-
let, outlet and mixing-plane surfaces are represented in Fig. 7. For
the boundary layer, wall-functions were used to keep the mesh rel-
atively coarse.

Four different functions of interest 7 are considered: exit mass
flow (Ut ), pressure ratio of stator (1), pressure ratio of rotor
(,) and rotor efficiency (n,). The mass flow is computed at the
exit of the last (rotor) blade passage. The pressure ratio computed
at the stator is given by

inlet,1 exit,1

_ Prq — Prq

inlet,1

pTa

where the total pressure is area averaged. The pressure ratio com-
puted at the rotor is given by

m x 100, (22)

pexit,2
_ FTa
2= etz (23)

pTa

-

Y

INLET SU

wr SURFACE

MIXING-PLANE

Fig. 7. Schematic representation of the inlet and exit boundary surfaces of the
stator-rotor stage domain.

1 T T T T
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L

7500 10*
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0 2500 5000

Fig. 8. History of residual of flow solution during convergence.

with the total pressure, in this case, being enthalpy averaged. Fi-
nally, the rotor efficiency given by

it2  inlet,2\ (¥ =1D/¥
(p?t(llt /p!rr:]et ) -1

(T-ﬁ;it’z/T-li-glet'Z) -1

where the total pressure is enthalpy averaged and the total tem-
perature is mass averaged. The subscript Ta refers to total absolute
quantity. The inlet and exit surfaces are respective to the respec-
tive blade passage, meaning that for ¢ the exit surface is at the
mixing-plane interface identified in Fig. 7, as is the inlet surface of
7y and 7.

M2 = (24)

4.2. Flow and adjoint solutions

The flow solution was converged to an averaged residual of the
continuity equation of 10~9, as observed from the history of the
residual, presented in Fig. 8. For the adjoint solutions, the conver-
gence criterium was a relative difference in the magnitude of the
residual between iterations of 10~2 . The history of the residual
during the GMRES iterations is presented in Fig. 9. The restart of
the GMRES was set at 75 iterations, which is visible in the residual
history. All the computations were performed in double precision.

The converged flow solution and corresponding adjoint solu-
tion (computed with F = m°" ) are presented, for the case of the
density, in Fig. 10 and Fig. 11, respectively. The next subsections
presents the solutions of the adjoint system of equations for the
four different functions of interest described in Section 4.1. These
functions are computed either at the exit surface alone (for the
case of exit mass flow) or at the exit/inlet surfaces together with
the mixing-plane surface (refer to Fig. 7). From the many sensitiv-
ities possible to be evaluated by the multistage adjoint solver, five
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Fig. 9. History of residuals of adjoint solutions during GMRES iterations.

RHO: 0.71 0.74 0.78 0.81 0.84 0.87 0.90 0.93 0.97

Fig. 10. Normalized flow solution of the continuity equation.

ADJ RHO: -1.00 -0.11 -0.01 -0.01 -0.01 -0.00 0.00 0.32 0.65

Fig. 11. Normalized adjoint solution of the continuity equation for exit mass flow
as the objective function.

combinations of function of interest # and design parameter o
were selected, as summarized in Table 1, where the superscripts
in the variables denote inlet of stator or exit of rotor and the sub-
scripts in the functions denote stator (row 1) and rotor (row 2).
The variables ry,;, and npq. correspond to the radial coordinate of
the hub geometry and to the local normal coordinate of the blade
geometry, respectively.

Table 1
Selection of test cases included.

dF :
FA Ty wy My o™

inlet
s

iniel
R
v}nlet _ _ v _
¢inlet _ - — -
pgxit v _ _ _
Thub - v - -
Mplade = - v -

Table 2
Comparison of computational requirements of di-
rect and adjoint solvers (normalized by the direct

solver).
CPU time  Memory

Direct 1 1
Adjoint ~1 ~10
Preprocess (V) 0.3% -
Assemble 48, 22 @) 51.1% ~50%
GMRES Solver ) 42.2% ~50%
Assemble SR 32 (4  62% -
Compute Sensitivity ) 0.1% -

/0 ® 0.1% -

The selected adjoint-based sensitivities, presented in the
next subsection, were verified against first-order forward finite-
difference approximations. For these verifications, four nodes were
randomly selected at the inlet and exit boundary faces of the
stator-rotor stage, as well as four at the hub of the stator and four
at the surface of the stator blade (two on the pressure and two
on the suction side). The flow solver was run to convergence and
for every design variables & perturbation imposed on each control
node. This would lead in theory to 20 runs (five variables times
four control points) but, in practice, the number of runs was much
higher, as the finite-difference approximation is highly sensitive to
the perturbation step size and a manual search had to be per-
formed to obtain the optimal step for each control node to obtain
a good trade-off between truncation error due to large step sizes
and subtractive cancellation due to too small perturbations.

A comparison of the computational requirements of the direct
and adjoint solvers is presented in Table 2. While the CPU time
requirements of computing both solutions is approximately the
same, the memory requirements of the adjoint solver increase ten-
fold compared to the direct solver. This is a direct consequence
of the solution method chosen for the adjoint system of equa-
tions, that includes a full matrix storage and the iterative GM-
RES method. This effect could be considerably mitigated if matrix-
free algorithms [26] or pseudo-time marching Runge-Kutta meth-
ods [27] were employed instead. The table also presents a detailed
description of the memory and CPU time required by each of the
processes of computing the adjoint solution, namely the 1) pre-
processing, 2) assembling of the system of equations, 3) comput-
ing the solution with the GMRES solver, 4) assembling the matri-
ces/vectors to compute the total derivatives, 5) computing the total
derivatives and 6) Output of the solutions to files. As observed, the
assembly of the matrices and the solution of the adjoint system
of equations take the bulk of the required CPU time and memory,
being roughly the same for each part.

4.3. Sensitivity of stator pressure ratio

The normalized adjoint-based sensitivity of stator pressure ratio
71 to exit static pressure p¢i boundary condition of the rotor do-
main can be observed in Fig. 12, where the contour plot is shown
for the rotor exit surface. It is worth noting that the sensitivity is
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Fig. 12. Normalized adjoint-based sensitivity of stator pressure ratio 7, to exit
static pressure boundary condition.
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Fig. 13. Verification of adjoint-based sensitivities of stator pressure ratio to exit
static pressure using FD (normalized values).

always negative, implying that stator pressure ratio would decrease
with an increase of the static exit pressure, as would be expected.
This effect is largest at the exit section midspan, away from the
hub and casing walls and aligned with the rotor wake. This proba-
bly means that the effect is amplified when reducing the blockage
effect of the blade.

The results of the verification of the adjoint-based sensitivity of
the four control nodes identified in Fig. 12 are presented in Fig. 13.
The sensitivities computed by both methods differ by less than
0.5%, which attests the correct numerical implementation of the
adjoint mixing-plane interface.

4.4. Sensitivity of rotor pressure ratio 7,

Fig. 14 presents the normalized sensitivity of the pressure ratio
of the rotor 7, to the radial position of the hub wall rp,,. This
radial sensitivity was obtained from the sensitivity to the hub x-
and y-coordinates as

dmy  dmydx | dmp dy
dr — dx dr ' dy dr
_ dﬂ'z dT[z .
= ac05(9)+ Wsm(@), (25)

where 6 is the tangential angle in cylindrical coordinates measured
from the x to the y-axis. This sensitivity information can be ex-
tremely important in hub and/or casing shape optimization pro-
cesses, often referred as endwall contouring, which can lead to sig-
nificant performance improvement of the turbomachine by signifi-
cantly impacting the secondary flows [28]. From Fig. 14, it can be
inferred that the rotor pressure ratio can be increased by contour-
ing the hub wall in different ways: making humps on the positive
derivative regions and/or making recessions at the negative deriva-
tive regions. The multi-row coupling manifests itself in this exam-
ple since there is a clear effect of stator hub endwall contouring
on the rotor pressure ratio. Some oscillations, visible near the inlet
and outlet of the stage, may result from the pointwise perturbation
of the mesh and from non-reflectivity only being enforced at the
mixing plane and not at the inlet and exit of the stage. A designer

(or an optimizer) would not be interested in perturbing the mesh
directly, but in changing a set of design parameters B that would
represent the geometry/deformation by some method of parame-
terization, which would introduce some smoothing to the pertur-
bation and thus smoothing the unwanted oscillations. The sensitiv-
ity information of the performance metrics to the design parame-
ters 8 would be obtained using the adjoint-based sensitivity infor-
mation to the mesh as

dFr drFdx drdy drdz
dg  dxdB  dydB dzdB’
Depending on the tool used to generate the flow grid mesh (x, y,
z, ) from the geometry parameterization B, the sensitivities dx/dg,
dy/dB and dz/dB can be obtained by either analytic methods (if
source code is available) or by FD approximations (if a blackbox is
used).

The results of the verification the sensitivity of 7, to the hub
wall x-coordinates are shown in Fig. 15, exhibiting again very good
agreement with the FD approximation, with relative differences
below 0.9%. Similar results were obtained for the y-coordinates,
present in Eq. (25).

(26)

4.5. Sensitivity of rotor efficiency n»

Fig. 16 presents the adjoint based sensitivity of the rotor effi-
ciency 7, to the shape of the blade. In this case, the contour shown
is the magnitude of the sensitivity vector projected onto the blade
surface outer normal at each point, evaluated as

dmy _dm dx  dmpdy | dm, dz
dn = dxdn dy dn = dz dn
_dm, dm, dm,
= gy g e (27)

where the surface outer normal unit vector is given by n=
(ny, ny,nz) . Similarly to the hub contouring test case, this test
case also demonstrates the coupling between rows by quantita-
tively showing the impact of the stator blade shape on the rotor
efficiency. Analyzing Fig. 16, it can be seen that the rotor efficiency
can be increased by moving the stator blade in the positive (neg-
ative) outer normal direction at the regions of positive (negative)
derivatives.

The control nodes used for the verification procedure are also
identified Fig. 16, two at the suction side and two at the pres-
sure side of the blade. The derivatives of rotor efficiency with re-
spect to the y-coordinate of the selected control nodes of the sta-
tor blade surface were compared to finite-differences and the re-
sults are shown in Fig. 17 (note that the values are normalized to
the maximum value of the derivative at both row domains). Good
agreement is again obtained, with a maximum relative difference
of 1.1%. As with the hub control nodes, a good agreement with
finite-differences was also obtained for the other two coordinates.

Another example of coupling is shown in Fig. 18 which shows
the effect of inlet tangential velocity on the stator efficiency, repre-
sented on the inlet plane. From the contour plot Fig. 18, the stator
efficiency sensitivity to the inlet tangential velocity varies consid-
erably depending on both the radial and tangential location. This
variation is particularly strong (positive) closer to the hub and at
midspan (negative). Such rich information can be extremely use-
ful with analyzing turbomachines at off-design conditions, such as
when inflow distortion occurs [29].

Fig. 19 presents the comparison of the adjoint-based sensitiv-
ities to FD approximations. In this case, the optimum step for
the FD approximation was harder to obtain, particularly in control
node 2, where the minimum relative error we were able to ob-
tain was approximately 3.5%. This was probably due to the differ-
ences of order of magnitude of the derivatives @(10-%), function
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Fig. 14. Normalized adjoint-based sensitivity of rotor pressure ratio to hub wall radial position.

1 ]
Adjoint W 1075
I FD [J 1o
05 Difference [ 10
. ’ 025 &
D I ] S
= OfF == - 40 5
g | 1 3 I 2
= I E =
I 1 =)
051 4-0.5
| 4-0.75
—1b ]

Fig. 15. Verification of adjoint-based sensitivities of rotor pressure ratio to hub wall
grid x-coordinates using FD (normalized values).

of interest @(10!) and quantity to perturb ©®(102) . The difference
in magnitudes is not visible in the bar plots due to normalization.
This difficulty highlights the advantages of the adjoint method over
the FD method, as the adjoint-based sensitivities avoid the concept
of perturbation step altogether.
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Fig. 17. Verification of adjoint-based sensitivities of rotor efficiency to stator blade
surface grid y-coordinates using FD (normalized values).

4.6. Sensitivity of exit mass flow o4t

The sensitivity of the mass flow at the exit of the rotor to the
total pressure boundary condition imposed at the inlet of the rotor
is presented in Fig. 20. The values are normalized by the maximum
absolute value of the derivative. The positive derivative, exhibited
in almost all inlet section locations, reveals the expected increase
of mass flow with the increase of inlet total pressure.

dYdn: -0.40 -0.02 0.00 0.05 022 0.40

(a) Suction side

(b) Pressure side

Fig. 16. Adjoint based sensitivity of rotor efficiency 7, to blade shape in normal direction.
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Fig. 18. Normalized adjoint based sensitivity of rotor efficiency, n, to inlet tangen-
tial velocity, vinet .
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Fig. 19. Verification of adjoint-based sensitivities of rotor efficiency to tangential
velocity inlet boundary conditions using FD (normalized values).
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Fig. 20. Normalized adjoint based sensitivity of outlet mass flow, m°' to inlet total
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Fig. 21. Verification of adjoint-based sensitivities of mass flow to total pressure in-
let boundary conditions using FD (normalized values).

The adjoint-based derivative values also show good agreement
with the FD approximation, as seen in Fig. 21, where the results of
the verification presented for the four control nodes exhibit differ-
ences smaller than 0.5%.

5. Conclusions

The formulation of the discrete adjoint mixing-plane was devel-
oped and implemented in a proprietary multistage turbomachin-
ery CFD solver, using automatic differentiation tools to compute
coupling terms of the discrete adjoint equations. The multistage
adjoint solution was computed for a stator-rotor case and the fi-
nal derivative of selected function of interest with respect to the
boundary conditions at the inlet and exit of the stator-rotor stage,
as well as with respect to the geometry of the blades and hub,
were presented and compared with finite-difference approxima-
tions. Good agreement was obtained between the two approaches,
with relative differences typically below 1% for most of the verifi-
cation cases.

While the adjoint method required one additional solver run for
each function of interest, with a computational cost similar to flow
direct run in terms of CPU time, the finite-difference approach re-
quired many direct solver runs to obtain a converged value, thus
emphasizing the benefits of using the adjoint method for sensitiv-
ity analysis.

The importance of a coupled multistage turbomachinery anal-
ysis and design is highlighted by the selected results presented,
which clearly demonstrate the physical flow coupling between ad-
jacent blade rows. By using the adjoint solver with handling of
the multistage interface between adjacent rows, it is possible to
efficiently and accurately quantify the impact of: i) boundary in-
let conditions to downstream blade rows performance; ii) bound-
ary exit conditions to upstream rows performance; iii) upstream
blade or hub/casing shapes to downstream row performance; and
iv) downstream blade or hub/casing shapes to upstream row per-
formance.

The proposed inclusion of adjoint multistage handling in a
gradient-based multistage turbomachinery design framework is
thus paramount to achieve the best overall results, both in terms
of computational cost but mainly in terms of optimal design out-
come.
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