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Abstract

The noise of jet and rocket engines involves the
coupling of sound to swirling flows and to heat
exchanges leading in the more complex cases
of triple interactions to acoustic-vortical-
entropy (AVE) waves. The present paper
presents as far as the authors are aware the
first derivation of the AVE equation for
axisymmetric linear non-dissipative
perturbations of a compressible, non-
isentropic, swirling mean flow, with constant
axial velocity and constant angular velocity.
The axisymmetric AVE wave equation is
obtained for the radial velocity perturbation,
specifying its radial dependence for a given
frequency and axial wavenumber. The AVE
wave equation in the case of zero axial
wavenumber has only one singularity at the
sonic radius, where the isothermal Mach
number for the swirl velocity is unity. The exact
solution of the AVE wave equation is obtained
as series expansions of  Gaussian
hypergeometric type valid inside, outside and
around the sonic radius, thus: (i) covering the
whole flow region; (ii) identifying the
singularity at the sonic condition at the sonic
radius;  (iii)  specifying  near-axis  and
asymptotic solutions for small and large
radius. Using polarization relations among
wave  variables  specifies  exactly  the
perturbations of: (i,ii) the radial and azimuthal
velocity, (iii,iv) pressure and mass density;
(v,vi) entropy and temperature. It is shown that
the dependence of the AVE wave variables on
the radial distance can be: (a) oscillatory with

decaying amplitude; (b) monotonic with
increasing amplitude. The case (b) of AVE
wave amplitude increasing monotonically with
the radial distance applies if the frequency
times a function of the adiabatic exponent is
less than the modulus of the vorticity (or twice
the angular velocity). In the opposite case (a)
the oscillatory nature of acoustic waves
predominates over the tendency for monotonic
growth of vortical perturbations. Associating
sound with stable potential flows and swirl with
unstable vortical flows suggests a criterion
valid in non-isentropic conditions, that is in the
presence of heat exchanges, that is a condition
for stable combustion in a confined space: the
peak vorticity (multiplied by a factor of order
unity dependent on the adiabatic exponent)
should be less than the lowest or fundamental
frequency of the cavity.

1 Introduction

The noise of aircraft engines is a major
limitation on airport operations, and the subject
of ever more stringent certification rules,
aiming to limit the total noise exposure as air
traffic grows. The noise of the rocket engines
of space launchers are sufficiently high to
cause structural damage and require payloads
like satellites to be tested in reverberant
chambers. The literature on aircraft and rocket
noise usually considers purely acoustic waves,
although coupling with other modes occur in:
(1) inlet ducts due to the shear flow in the wall
boundary layers; (ii) in turbine exhausts due to
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the downstream swirling flow; (iii) in the
combustion chambers and other heat generation
and exchange processes involving non-
isentropic flows. The simplest mean flow for
which there are interacting acoustic, vortical
and entropy perturbations is an axysymmetric
non-isentropic flow with uniform axial velocity
and rigid body swirl; this sample problem is of
interest in itself relating to waves in nozzles
with swirl and heat exchangers.

There are [1-3] three types of waves in
a fluid in the absence of external restoring
forces [4, 5], namely: (i) sound waves that are
longitudinal and compressive; (i) vortical
waves that are transversal, hence
incompressible; (iii) entropy modes associated
with heat exchanges, hence non-isentropic
flow.

The acoustic modes receive most
attention because for an homogeneous uniform
mean flow: (i) the acoustic modes satisfy the
convected wave equation for uniform motion
and the classical wave equation in a medium at
rest [6—12]; (i1) by Kelvin circulation theorem
the circulation along a loop convected with the
mean flow is constant [13-17]; (iii)) in
homentropic conditions there are no entropy
modes. The most general conditions for the
existence of purely acoustic modes, decoupled
from vortical-entropy modes, is a potential
homentropic mean flow, that may be
compressible, and leads to the high-speed wave
equation [18-20] that reduces to the convected
wave equation [21-23] in two cases: (i)
uniform flow; (i) low Mach number non-
uniform flow. The presence of vorticity leads to
acoustic-vortical-waves ~ [24-29], in a
compressible sheared [30—43] or swirling [44—
51] mean flow. The present paper considers a
further extension to acoustic-vortical-entropy
waves that specify the stability of a
compressible, vortical non-isentropic mean
flow. The acoustic, vortical and entropy modes
[1-3] are decoupled in a medium at rest and
become coupled in sheared and/or swirling
non-isentropic mean flows. The linearized
Euler equations (LEE) contain all these modes,
but consist of one vector (momentum) and
three scalar (continuity, energy and state)
equations with six variables (velocity vector,
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pressure, density and entropy). In this
formulation, the ’wave operator’ is a 6x6
matrix that cannot be readily compared to a
scalar wave equation for one variable like the
pressure perturbation. This paper presents a
scalar wave equation for a single wave variable
(the radial velocity) that generalizes the classic
wave equation for sound and the acoustic-
vortical wave equation in a swirling flow. This
derivation involves elimination among the 6
LEE equations for one variable only, namely
the radial velocity, that determines through
polarization relations all other wvariables,
namely the perturbations of the density,
pressure, temperature, entropy and axial and
azimuthal components of the velocity. There is
substantial evidence in the literature of the
presence of non-acoustic perturbations in
nozzle flows, and the derivation of an acoustic-
vortical-entropy (AVE) equation aims to
address this limitation of current wave
equations, by allowing the interaction of all
three effects.

The present paper: (i) is not about the
generation of sound by small patches of
vorticity [52, 53] or inhomogeneities [19, 20]
convected in a potential flow, that is
respectively ’vortex’ and ’entropy’ noise; (ii) it
is about linear perturbations of a compressible,
vortical, non-isentropic mean flow occupying
all space, that may be designated acoustic-
vortical-entropy waves. These perturbations
determine the stability of the mean flow [54—
60] in this case the stability of a compressible,
vortical, non-isentropic flow. The paper
considers what possibly is the simplest case of
acoustic-vortical-entropy (AVE) waves: (i)
linear non-dissipative perturbations of an
axisymmetric mean flow with uniform axial
velocity and rigid-body swirl; (ii) the mean
flow 1is compressible, vortical and non-
isentropic allowing for the existence of AVE
waves; (i11) the perturbations depend on time,
axial and radial coordinates, but not on
azimuthal angle; (iv) this allows for the
fundamental axisymmetric mode, but excludes
all non-axisymmetric azimuthal modes. The
derivation of the acoustic-vortical-entropy
wave equation (Section 2): (i) is based on the
linearization of the equations of continuity,
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inviscid momentum and energy (Subsection
2.2), using the entropy and equation of state of
a perfect gas (Subsection 2.1); (ii) the
elimination for the radial velocity perturbation
leads to the AVE wave equation, and the
remaining wave variables, namely the pressure,
mass density, entropy, temperature and
azimuthal velocity are expressed in terms of its
solution (Subsection 2.3).

The presence of swirl leads to a radial
pressure gradient in the mean flow due to the
centrifugal force, and thus the sound speed
varies radially; since the mean flow is assumed
to be non-isentropic there is an entropy
parameter, in addition to the sound speed. The
acoustic-vortical-entropy ~ wave equation
specifying the radial dependence of the radial
velocity perturbation spectrum for a given
frequency and axial wavenumber has a
singularity at a sonic radius (Section 3) where
the swirl velocity of the mean flow equals the
isothermal sound speed, i.e. the ’sonic
condition’ of isothermal swirl Mach number
unity (Subsection 3.1). Thus there are two
solutions: (i) an inner solution in ascending
power series of the radius; (ii) an outer solution
in descending power series of the radius.

2 The acoustic-vortical-entropy wave
equation

The acoustic-vortical-entropy  waves are
considered as small axisymmetric perturbations
of an axisymmetric compressible non-
isentropic mean flow (Subsection 2.1) with
uniform axial velocity and rigid body swirl
(Subsection 2.2). Elimination for the radial
velocity perturbation leads to the acoustic-
vortical-entropy =~ wave  equation, whose
solutions specifies also the perturbations of
azimuthal velocity, pressure, mass density,
temperature and entropy (Subsection 2.3).

2.1 Compressible, vortical, non-isentropic
flow of a perfect gas

The fundamental equations of fluid mechanics
are written in cylindrical coordinates (r, ¢, z) in
axisymmetric form without ¢-dependence
(0/op = 0):

(1) mass conservation:

vy L9 oy op?es (D
DI/dt = TV -V = — 2 (Vi) =I5

(i1) inviscid momentum:

I (DV,/dt —r'V3) +a,.P = 0, (2a)
T (DV,/dt +r'V,V,) = 0, (2b)
IDV./dt + 0.P = 0; (2¢)

(iii) energy neglecting dissipative effects,
namely heat conduction and viscosity:

I TDS/dt = 0; (3)
(iv) state:
DP/dt = 2DU/dt + ADS/d¢ ; (4)

where I' is the mass density, P the pressure, V
the velocity, T the temperature, S the entropy,
the material derivative is denoted by

D/dt = /ot +V -V = /ot + V,0, + V.0., (5a,b)

and the equation of state in the form (6a)
specifies the coefficients in (4),

B ., _ [oP _ (9P (6a-c)
pores-e=(5) 0= (),

namely the adiabatic sound speed (6b) and the
non-isentropic  coefficient (6¢). Chemical
reactions are not considered explicitly and
appear through the entropy coefficient.

In the case of a perfect gas, the
equations of state (7a) and entropy (7b),

P=RIT, S=CylogP—CplogT', (7a,b)

involve the gas constant R and specific heats at
constant volume Cy and pressure Cp that are
related by (8a,c,d) involving the adiabatic
exponent (8b),

R=Cp—Cy, 7=ﬁ : (8a,b)
Cv
Cy = i . COp = IR (8c,d)
v—1 v—1

From the entropy equation (7b) it follows

ap dr (92)
as = ¢ 2 a
S=0Cy Cpr



that the adiabatic sound speed (9b) is given by
(9¢),

A5 =0 ¢ = ( P s rr900)

ory _¢rP
ar)., CyT

The non-isentropic coefficient (6¢) may be
calculated (10b) from the specific heat at
constant volume (10a),

Cy =T(§§,)F ; (10a)

()5 E,

in the case of a perfect gas (7a) follows (11a,b),

P oy-1 (11a-c)

T
3=—Rl'=— = P,
¢ Cy Cv R :

and also (11c) using (8c).

2.2 Linear perturbation of a uniform flow
with rigid body swirl

The mean flow (subscript zero) is assumed to
consist (12a) of a uniform axial velocity plus a
rigid body swirl,

Vo=e.U+e r, @w=VxV,=e20, (12a,b)

so that the vorticity (12b) is twice the angular
velocity. The linearised material derivative (5a)
for the axial mean flow (12a) is (13a):

d/dt =9/ot+Ud/9z, V- -Vo=0, (13ab)

and the mean flow velocity (12a) has zero
divergence (13b). Applying the fundamental
equations to the mean flow (12a) it follows
that: (i-i1) the mass density (1) and entropy (3)
can depend only on the radius (14a,b); (iii)
there is a radial pressure gradient (2a) due to
the centrifugal force (14c),

po = polr), so = sa(r) = phy = dpo/dr = poQ?r; (]43-0)

(iv) the mean flow is incompressible (13b) and
the assumption of a constant mass density (15a)
leads to the pressure (15¢) where (15b) is the
pressure on axis,

) 1 o
po = const ., ppg = po(0) = polr) = [%Ju*_).f’tluif'j . (15a-c)

The sound speed (9c) and non-isentropic
coeficient (11b) are given in the mean flow
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respectively by (16b) and (16¢), where (16a) is
the sound speed on the axis,

. P 3
=72 (16a — c)

o

) 2 T2 9 nolr)
PO = B+ 2052 Bolr) = IE,‘V

(LGa — ¢)
The entropy in the mean flow (17a),

s0 = Cy logpy — Cplog py , (17a)
has radial gradient (17b),

/ . Do LS L0
= Gy

Sg = Cy— =Cy 5 (_-Yp&;’. . (17b)

Po Po Co 0

Thus the uniform axial flow with rigid body
swirl (12a) and a constant mass density (15a)
implies the radial dependences of the pressure
(15b,c), sound speed (16a,b) and also the
existence of an entropy gradient (17b). The
linear perturbation of this mean flow is
considered next.

The total flow is assumed to consist of
the mean flow plus a perturbation depending on
time ¢, radial » and axial z coordinate, but not
on the azimuthal coordinate ¢,

Vilr, 2, t) = v, (r, 2, 1), (18a)
Vio(r, 2, t) = Qr 4 v,(r, 2, 1), (18b)
Vilr,zt) = U +v.(r, 2.1), (18¢)
P(r.z.t) = po(r) +p(r.z.1), (18d)

T(r.z.t) = po+ p(r. 2.1) . (18¢)
S(r,z,t) = so(r) + s(r, z,t). (18f)

Since the mean flow properties, that appear as
coeficients in the linearisation, depend on r but
not (z; t), the Fourier transform is made (19)
with frequency o and axial wavenumber £,

Flroot) = f (lf.f" dwelFT= f (1 | ) ; (19)

for example the linearised material derivative
for the axial flow (13a) leads (20a) to the
frequency (20b) Doppler shifted by the axial
mean flow,

dfdt = —iw, @ w, =w— kU.

(20a,b)
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Substituting (18a{f) in (1,2a{c,3,4) and
linearising leads to

iwyrp — po(roy) —ipokrv., =0, (21a)

ipow, U, + 2Qpet, + Q*rp — = 021D)

)

)

w0, — 290, = 0, (21c

powst. — kp =10, (21d

: -~ !~ Al S722 -~ )

1w,s = sqUy = Cp—5710, | (21e)
“

p=cip+ Bos. (21f)

The last equation (21f) follows from
linearization of (4),

i, (P —cip— Bos) = 0, (ph — caplh — Bosh) = 0, (22)

using (15a) and (17b). The energy equation (3)
simplifies to (23a) for a perfect gas (7a),

PDS dsg
——=0: —— =10, 23a, 1
B s 0 Po 1 0 (23a,b)
D(s + s 1s
0=(p +P0)M - po(l . (23¢)
dt dt

implying that: (i) the mean flow is isentropic
(23b), that is consistent (13) with the entropy
being a function of the radius (14b); (ii)
subtracting the mean state (23b) from the exact
energy equation (23a) leads to (23c) that is

linearised (23d),
0=po ((11; +po(V +Vs); (23d)
(111) from (23d) follows (23e),
ds e .
i (V- Vsp) ., LS =si0., (23c,f)

proving (23f)=(21e).

2.3 Wave equation for the radial velocity
and polarization relations

Of the six variables in (21a-f) four (7;; Uy,; 5;5)
are expressible (21d,c,e,a) in terms of (P;7;),

. B 200 . 0
v, = p. U, =—i—10,, 5= —=iCp—o—r7,
Lo Wy CoWx
(24a —¢)
/i'Q
5= () + 5 (24d)

Substituting (24c¢,d) in (21f) leads to

ip (.,u* - L'j(';‘:,;"_/.',() = (er + r"(‘),;:"'r) B +pociit (25)

the pressure in terms of the radial velocity
spectrum. Substituting (24b,d) in (21b) leads to
a relation between p and 7. distinct from (25),
namely

ipo [(w? —50%) &, — Q*ri)] = .u*pu@p. (26)
Substituting p from (25) in (26) leads to the
acoustic-vortical-entropy wave equation for the
radial velocity perturbation spectrum,

2! + Ael + B, =0, (27)
with coefficients
X=1-#G/l: A=G/r+X[/X] .
(28a.bh)
B = (w? —507%) X—k*Q* (%% + ) Jwl4+ X [(r 4+ /r) /X

(28¢)

In conclusion the axisymmetric compressive,
vortical, non-isentropic perturbations of a
uniform axial flow with rigid body swirl (12a),
with frequency w and axial wavenumber £, lead
(19) to the acoustic-vortical entropy wave
equation (27) with coefficients (28a-c) satisfied
by the radial velocity perturbation spectrum.
The other wave variables are specified by the
following polarization relations: (i-iii) the
pressure (25), entropy (24c) and azimuthal
velocity (24b) perturbation spectra; (iv-v) the
axial velocity (24a) and mass density (24d)
perturbation spectra lead, by (25), respectively
to (29a) and (29b),

0, = —ik [(Q%r + /1) O + L] / (w? — K
(29a)
i/ po = B fuon + B (wir)
+ k? [(Q? + (:%/7') Ur + (5 f';,] / (VLE — k‘zcgw*)

The temperature perturbation spectrum follows
from the equation of state (7a),

) 2.2
= deq o (W — kTeh /ywa 2 2N 2
RT = U +Upfr)—i————5— [ ([ QT+ /) Tr + U

WY ( " T ) usz'zcg [< o ) " o
(30a, b)

using (29b) and (25).

3 Monotonic and oscillatory inner and outer
solutions

The acoustic-vortical-entropy wave equation
with zero axial wavenumber is solved exactly



as ascending (Subsection 3.2) and descending
(Subsection 3.3) power series of the radius that
converge respectively inside and outside a
sonic radius, where the isothermal swirl Mach
number is unity. This specifies the separation
condition between oscillatory and monotonic
dependence of the radius of the AVE wave
perturbation of the compressible, vortical, non-
isentropic mean flow: (i) near the axis
oscillatory  solutions correspond to the
frequency larger than the vorticity (Subsection
3.1); (i1) at infinity the condition for oscillatory
solutions is opposite, that is the vorticity must
exceed the frequency (Subsection 3.3).

3.1 Condition separating oscillatory from
monotonic radial dependences

If the axial wavenumber is not zero, the
vanishing of (28a) introduces singularities in
the AVE wave equation (27). The condition
X=0 corresponding to +kcy=w+= w-kU leads to
a singularity of the wave equation similar to
those that occur for acoustic-shear [30-43] and
acoustic-vortical [44-51] waves and may be
addressed in future work. The present paper
concentrates on non-isentropic eects, in the
simpler case of zero axial wavenumber (31a),
that is neglecting axial dependence, when there
is (20b) no Doppler shift (31b) and the
coefficients of the wave equation (28a-c)
simplify respectively to (31d-f),

k=0 w,=w. () =70 X =1:
(3la—d)
A=c/r+ () =+2r +2/r.  (3le)

B =w? — 407 + 0% — 3 /r? (31f)

where the radial dependence of the sound speed
(16c) was used (31c). Thus the acoustic-
vortical-entropy wave equation (27) for (31a-f)
an axisymmetric mode of frequency
simplifies to

B (v + A fr) Ft [P+ (= 40— %) B =0, (32)
The radial dependence of the sound speed

(16b) is quadratic (33a),

“WW@”““WWWW“Mgﬁ%“
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with reference radius (33b). Substituting (33b)
in the wave equation (32) leads to

r (’l + ,"2,-"1'{":) t:’ +r ('1 + 23;'2,‘“}';“” f\‘:" + (34)
+{[(w/coo)? + (1 = 8/9)/r3] P =1} & = 0.

Using (31a) and (33a,b), the remaining wave
variables are the azimuthal velocity (24b), mass
density (29b), temperature (30a), entropy (24c)
and pressure (25) specified respectively by
(35a-e),

. 2 B . o
By = ity = =il (7 + /1)
(35a,b)
. o . _ 2 Cyro,
T/To=[(v/c)p—p) /po.5=—i=——5,
wre £ g
(35¢,d)
. pory§)? 2 12\ 5 oy -
p=—ity |:(] + ; + ot (r* +r3) 0l
(35e)

in terms of the radial velocity perturbation
spectrum.

The adiabatic exponent for a perfect gas
is given by (36b) where (36a) is the number of
degrees of freedom of a molecule,

¢

y=14—=
=1+

[ =1

5
N=2356": 2
7 3

4 (36ab)
37

ot

namely: (i) three for monoatomic gas; (ii) five
for a diatomic gas or polyatomic gas with
molecules in a line; (iii)) six for a three
dimensional  polyatomic  molecule. The
reference radius (33b) corresponds to a ratio of
the azimuthal velocity of the mean flow to the
sound speed on axis given by

o _ 2 [ 2N _ 6 10 3 (37)
(-uu: ?: _\'_-_): AR

that is of order unity and plays the role of swirl
Mach number at the axis, bearing in mind that
the sound speed (33a,b) is not constant. Using
the sound speed (33a) at the sonic radius (38a)
leads to (38b),

0lro) —
colrg) = f‘un\/z o= [”(% =/ RTu(ro) = co(ro), (38a7b)

showing that the sonic radius corresponds to
azimuthal velocity equal to the isothermal
sound speed, that is isothermal swirl Mach
number unity. Since vortical modes are
transversal and hence incompressible, the
relevant sound speed and Mach number are
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isothermal. If the radius is small compared with
the reference radius (39a), that is for small
swirl isothermal Mach number, the wave
equation (34) simplifies to (39b),

g e il + (= 1) 6, =0, (39a,b)

in the passage from (32) to (39b) the
approximation (39a) was made in the
coefficient of ¥,,., but not in the coefficient of

7y, because the frequency (40c) could be large
(40b) in the radial wavenumber (40a),

X=kK/ro, K =&+1-8/y, ©@=wry/co (40a-c)

Thus the approximation of small radius (39a)
leads to the Bessel equation (39b) where (40b)
is the dimensionless radial wavenumber
involving the dimensionless frequency (40c).

The Bessel equation has oscillatory
solutions for real wavenumber and monotonic
increasing solutions for imaginary
wavenumber. Although the preceding result
was obtained only for small radius (39a), it will
be extended in the sequel (Subsections 3.2 and
3.3) to all values of the radial distance. Thus
the condition specifying wave fields with
oscillatory dependence on the radius (41a) is
expressed in terms of the dimensionless
frequency (40b),

5 wry 8 TN —2
“ >0 — >/ ——1= - .
" coo ~ N +2
(41a,b)

Using (33b) the condition for radially
oscillatory AVE waves is written in terms of
the angular velocity,

({](] 7
w / 2 1= / B 1 /5 —
42)
Using the sound speed (38a) at the reference
radius the oscillatory condition (41b) becomes
wrg Wiy 4 1 \/ZV -2
(10(1‘0) N (:00\/§ - ; T2 VonN +4°
(43)
Bearing in mind that the modulus of the
vorticity is twice the angular velocity (12b) the
oscillatory condition (42) becomes

Of the four forms of the oscillatory condition
(41b), (42), (43) and (44) the last is
independent of the geometry and may be the
most general: a compressible, vortical,
nonisentropic flow has perturbations with
oscillatory dependence on the radial distance if
the frequency is larger than the maximum of
the modulus of the peak vorticity @ multiplied
by the factor 4 in (44). The spatial growth of
perturbations of acoustic-vortical waves [49,
50] is comparable to the temporal growth [51]
as an indicator of instability. Thus the
oscillatory condition excluding monotonic
growth of perturbations could be equivalent to
a stability condition for the mean flow. This
conjecture can be applied (Figure 1) to
combustion stability in a confined space: (i) if
the natural frequencies exceed the product uw
there is (Figure la) stability, and only the
fundamental frequency needs to be considered
o) > puw; (i) if the fundamental frequency and
other modes lie below uw those modes lead to
instability (Figure 1b).

| Stable

; ; —
| 0 wh Wa
| Unstable Stable

: : t 4 > W
| W o M ] !

Fig.1. The compressible, vortical, non-isentropic flow is
stable if the peak vorticity multiplied by (44) is less than
the fundamental frequency (Figure la) and unstable
otherwise (Figure 1b).

The passage from stable to the unstable case
could be due to: (i) increasing the vorticity of
the mean flow, e.g. to achieve better mixing for
'lean' fuel saving combustion; (ii) increasing
the size of the enclosure, so that the natural
frequencies reduce, and fall below uw. The
remark (i) agrees with the observation that lean
combustion tends to be unstable; the remark (ii)
agrees with the observation that larger rocket
motors are more prone to large amplitude
oscillations. The stability criterion

O] > UOmax, 1 = 0:890; 0:908; 0:913, (40a-c)



that the fundamental frequency must be larger
than the modulus of the peak vorticity times the
factor (44) can be tested for more complex
geometries using numerical codes. Similar
conditions were obtained before for the
stability of an inviscid boundary layer [56, 58]
and for sound in vertical flows [59]. It has a
simple interpretation: (i) acoustic modes with
frequency w are stable; (ii) vortical modes with
vorticity @ are unstable; (iii) there is stability if
the acoustic modes predominate w>|w|; (iv)
there is instability if the vortical modes
predominate |@|>w. The factor (44) involving
the adiabatic exponent appears because the
vertical modes are incompressible and the
acoustic modes are adiabatic and thus the ratio
of frequency to vorticity is close to but not
exactly unity. The stability condition (45a,b)
was established from the AVE wave equation
(39b) for small radius (39a). It can be shown
that the equivalent condition for AVE waves
with oscillatory radial dependence is not
restricted to small radius (39a) and applies to
any radial distance smaller than the sonic
radius.

4 Further studies

The AVE wave equation can be
transformed to a Gaussian hypergeometric
differential equation thus confirming the inner
and outer solution as respectively ascending
and descending power series of the radius,
valid respectively inside and outside the sonic
radius. The inner and outer solutions are
matched by using a third solution valid around
the sonic radius that overlaps with both; this
third solution is valid over the whole space and
shows that the wave field is finite at the sonic
radius.

The numerical solutions of the AVE wave
equation resulted in the computation of the
wave variables. Thus the divergence of the
inner and outer solutions at the sonic radius is
due to the failure of the power series to
converge at their boundary of convergence and
not to the wave field that is finite at the sonic
radius. The inner and outer solutions may be
used to describe the wave field respectively
near the axis and asymptotically for large

L.M.B.C. Campos, Error! Reference source not found.

radius; they apply to waves in a cylinder or
cylindrical annulus, respectively inside and
outside the sonic radius; the solutions around
the sonic radius still apply also when the sonic
radius lies inside the cylindrical or annular
duct. The solutions of the AVE wave equation
that hold for all finite non-zero values of the
radius are applied to a cylinder with rigid walls
containing the sonic radius to determine: (i)
the eigenvalues for the radial wavenumber and
frequency; (i1) the corresponding
eigenfunctions or waveforms for the
perturbations of the radial and azimuthal
velocity, mass density, entropy, pressure and
temperature as function of the radius.

5 Conclusions

The present paper may be the first to derive a
scalar wave equation with a single variable
combining the interactions of the three types of
waves in a fluid not subject to external force
fields, hence the designation acoustic-vortical-
entropy (AVE) waves. A deliberate choice was
made of one of the simplest baseline flows that
could support AVE waves, namely an
incompressible nonisentropic uniform flow
with rigid body swirl, leading to a mean flow
pressure and sound speed varying radially due
to the centrifugal force. The linear non-
dissipative perturbation of this mean flow leads
in the axisymmetric case to the AVE wave
equations (27;28a-c) first obtained here. The
exact solution is obtained in terms of Gaussian
hypergeometric functions in the case of zero
axial wavenumber, when there are only
temporal and radial dependences. The six wave
variables in this case are the frequency spectra
of the perturbations of the (i) radial and (i1)
azimuthal velocity, (iii) mass density, (iv)
entropy, (v) pressure and (vi) temperature.
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